Math 4400 Final Exam

August 4, 2017

Name: & ) (L’]LI\ ONS

You may assume, without proof:
e Ifa,beNandab=1,thena=1and b=1
eIfalbandb|c thena|c

e If ac| bc and ¢ # 0, then a | b.

Question | Points | Score
1 10
2 5
3 5
4 )
5 5
6 10
7 5
8 10
9 5
10 10
11 3]
12 20
13 5
14 0
Total: 100




Computations
1. (a) (5 points) Compute gcd(119,448)

Gy = 3 \d Al

nqa = lal + 23
ql = 2-9€ “97

28= U]
9= 7.

44
(b) (5 points) Find the continued fraction expansion of il

(4% | -
= By i3]
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2. (5 points) Find all the incongruent solutions to 7z = 15 mod 100

(00 =47 <2 | 7= 2+
= 920 = 72 (lo—l7)=43-7-3{00 =1

=) 7/\3[—(’3 o) (GO

= Yz 4 B=HE med e

3. (5 points) Find z with 0 < 2 < 253 such that 15*"* = 2 mod 253. The prime factor-
ization of 253 is 11 - 23. Here are the first few powers of 15 modulo 253:

152 =225 15°=86, 15'=25 15°=122, 15°=59

Y(253) = 16:22 = o
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4. (5 points) Find all the incongruent solutions to: z'* = 16 mod 19

re/\vv\a}‘g /OH%} MUL@QU/"\ LVVL(F[LQ/S ’){({57( M"/“C(
UxeZ. Thus Y= ' EIG ol (f

= =6 )Y

8 -1

5. (5 points) Compute the polynomial: ————

%

X -l = 200300 3,0 8500

!
- o

> X5 wBe-
Z(0 D060 D)= X

|
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13
6. (10 points) 32° + 17z —6 = 0 mod 51. (Hint: 51 = %=13: Use the Chinese Remainder

Theorem)

Wtk md = ad wd 17
Red 3% (7x=C md & © r30 nd =

Med (77 2xP2c=nz wd (7.
& oBs2 wd ) (e 3 b mekbe wd 1)
ngwg, e(7)) =1, ;wl(”zu?} =|

= Bd B owd T =6
G=>B+x1 => -5 =| 16

= %= Q:sa Q\l’% = b od (7

= Pldon 5 e i fue XcZ/s5lz
with =0 od S ad  x= (5 wed 17

Qﬁamly, r= (5 rudl 75] wen B3 .
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7. (5 points) Is 105 a square modulo 2397 (239 is a prime number)

- 23 22 03¢
52) = (&) (Z) - (B) - (=)
1
52| madY A120323
- (%) & )
A t

s 9

a %W

=1
'::l AMQ L\ b

/GMSZSW
= -
Md, e nd  a S{W pool QSCZ
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8. (10 points) Give an example of a public/private key pair for RSA using m = 11-23 =
253. Make sure to explain your reasoning!

We \‘)w@L noed 9@1 (e, 05) =4
e de = | md @2B2D
QB3 = 6-02 = Wo

Q o Cheote =73,  TThan
D20 = 733 |

d= =72 =7 wd 99,

= (&5'5/3) ) 53/ “”) wer ks
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Proofs

9. (5 points) Suppose ged(a,b) =1, a | be. Show a | c.

97@ cZ sk Q?(*tbazz) é(7 Bezaul .
=  a%C « 49(95, = C

5(\ axc, ql' b&C (sonee Ql bc>

e——

— q) avc«bye —c
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10. (10 points) Suppose a,b,c € Z with ged(a, ged(b,c)) = 1. Show there exist z,y,z € Z
such that ax + by 4 cz = 1.

%b Bezeut, Jdeec Z >4,
OLO\—L 9(1}@),@-6 ::i

B(j Bezeut, 4 oﬁy eZ sk Bif%j = 2@@(5@
=> ad+ble tge = 4

wa@/Le/ ’7('::.(2&) {7:0&6) :;Q.
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L 6| = 4G
( \(aUca\th- wolalfe? o)

11. (5 points) Let p be a prime number. Prove that any group of order p is cyclic.

Ld (Gl =p, e (&> 1) se Qj(’,@) ;w;%i

“Thue, M9> >4, Ea LC?GM;Q) ﬁ><j>) (G

12. Let F be a field, n > 1, and g a primitive n" root of unity in F.
(a) (5 points) Suppose g™ = 1 for some m € Z. Prove that n | m.

Divisien ab@: dq.re meghee il OLran

f‘ ~

= - s b _ 15
AR A A A

Siee OLr<ZN qwb a o a Mﬁ N

Nso\)r\ we  haue r=0
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(b) (5 points) Let 7,j € Z. Prove that g* = g7 if and only if i = j mod n.
I ai=ad T 4 =4 (swe g#0)

T‘M&’ &) = V\\T-‘B ) i 775 /L\;} nod A

ilg /f%j red n QEGZ 1= [imﬂ-)\

=]

= 911 9@\,&& (2) 92

(c) (10 points) Suppose that d € Z and suppose that ¢g¢ is also a primitive n'® root of
unity. Prove that ged(d,n) =1

E'& OD/ (@dje = & dﬁ*o med

% Nu‘e Cf” ‘,9 =4
" Dhus) 20\ P’UW)""Q = @ = OP?H 0<e LN
= doto  wod A @é,aA OLen
= o(&\ =N & Zuz
. Y\
=7 3@1&@ =W
:> aCA (C’t)ﬂ\ ;j_—.
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13. (5 points) Let p be an odd prime and let A € Z. Suppose p | A> — 5. Show that p =1
or 4 mod 5.

| =B = A=S wd po= (5) =

= (B) = & AL L2 L]y
— UB e Y I L W L BT
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